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Abstract
In this article, we investigate the behavior of relativistic spin-zero bosons in the
space-time generated by a spinning cosmic string. We obtain the generalized beta-
matrices in terms of the flat spacetime ones and rewrite the covariant form of Duffin-
Kemmer-Petiau (DKP) equation in spinning cosmic string space time. We find the so-
lution of DKP oscillator and determine the energy levels. We also discuss the influence
of the topology of the cosmic string on the energy levels and the DKP spinors.
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1 Introduction
The Duffin-Kemmer-Petiau (DKP) equation has been used to describe relativistic spin-0
and spin-1 bosons [1–4]. The DKP equation has five and ten dimensional representation
respectively for spin-0 and spin-1 bosons [5]. This equation is compared to the Dirac equa-
tion for fermions [6]. The DKP equation has been widely investigated in many areas of
physics. The DKP equation has been investigated in the momentum space with the presence
of minimal length [7, 8] and for spins 0 and 1 in a noncommutative space [9–12]. Also,
the DKP oscillator has been studied in the presence of topological defects [13]. Recently,
there has been growing interest in the so-called DKP oscillator [14–23] in particular in the
background of a magnetic cosmic string [13]. The cosmic strings and other topological de-
fects can form at a cosmological phase transition [24]. The conical nature of the space-time
around the string causes a number of interesting physical effects. Until now, some prob-
lems have been investigated in the gravitational fields of topological defects including the
one-electron atom problem. [25–27]. Spinning cosmic strings similar usual cosmic string,
characterized by an angular parameter α that depends on their linear mass density µ. The
DKP oscillator is described by performing the non-minimal coupling with a linear potential.
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2 COVARIANT FORM OF THE DKP EQUATION IN THE SPINNING COSMIC
STRING BACKGROUND
The name distinguishes it from the system called a DKP oscillator with Lorentz tensor cou-
plings of Refs. [7–12, 14–16]. The DKP oscillator for spin-0 bosons has been investigated
by Guo et al in Ref. [10] in noncommutative phase space. The DKP oscillator with spin-0
hase been studied by Yang et al. [11]. Exact solution of DKP oscillator in the momentum
space with the presence of minimal length has been analysed in [8]. De Melo et al. con-
struct the Galilean DKP equation for the harmonic oscillator in a non-commutative phase
space. [28]. Falek and Merad investigated the DKP oscillator of spins 0 and 1 bosons in
non- commutative space [9]. Recently, there has been an increasing interest on the DKP os-
cillator [13–16,28–31]. The non-relativistic limit of particle dynamics in curved space-time
is considered in Refs. [32–36]. Also, the dynamics of relativistic bosons and fermions in
curved space-time is considered in Refs [17, 20, 31].
The influence of topological defect in the dynamics of bosons via DKP formalism has not
been established for spinning cosmic strings. In this way, we consider the quantum dynam-
ics of scalar bosons via DKP formalism embedded in the background of a spining cosmic
string. We solve DKP equation in presence of the spinning cosmic string space time whose
metric has off diagonal terms which involves time and space. The influence of this topolog-
ical defect in the energy spectrum and DKP spinor presented graphically.
The structure of this paper is as follows: Sec. 2 describes the covariant form of DKP equa-
tion in a spining cosmic string background. In Sec. 3, we introduce the DKP oscillator by
performing the non-minimal coupling in this space time, and we obtain the radial equations
that are solved. We plotted the DKP spinor, density of probability and the energy spectrum
for different conditions involving the deficit angle, the oscillator frequency. In the Sect. 4
we present our conclusions.
2 Covariant form of the DKP equation in the spinning cos-
mic string background
We choose the cosmic string spacetime background, where the line element is given by
ds2 = −dT 2 + dX2 + dY 2 + dZ2 (1)
The spacetime generated by a spinning cosmic string without internal structure, which is
termed ideal spinning cosmic string can be obtain by coordinate transformation as
T = t+ aα−1ϕ
X = rCos(ϕ)
Y = rSin(ϕ)
ϕ = αϕ′
(2)
With this transformation, the line element ((1)) becomes [37–43]
ds2 = −(dt+ adϕ)2 + dr2 + α2r2dϕ2 + dz2
= −dt2+dr2 − 2adtdϕ+ (α2r2 − a2)dϕ2 + dz2 (3)
with −∞ < z < ∞ , ρ ≥ 0 and 0 ≤ ϕ ≤ 2pi. From this point on, we will take c = 1.
The angular parameter αruns in the interval (0, 1] is related to the linear mass density µ
2
2 COVARIANT FORM OF THE DKP EQUATION IN THE SPINNING COSMIC
STRING BACKGROUND
of the string as α = 1 − 4µ and corresponds to a deficit angle γ = 2pi(1 − α). We take
a = 4Gj whereG is the universal gravitation constant and j is the angular momentum of the
spinning string; thus a is a length that represents the rotation of the cosmic string. Note that
in this case, the source of the gravitational field relative to a spinning cosmic string possesses
angular momentum and the metric (1) has an off diagonal term involving time and space.
The DKP equation in the cosmic string spacetime(1) reads [13, 17, 31]
(iβµ (x)∇µ −M)Ψ (x) = 0. (4)
The covariant derivative in (4) is
∇µ = ∂µ + Γµ (x) (5)
Where Γµ are the spinorial affine connections given by
Γµ =
1
2
ωµab
[
βa, βb
]
. (6)
The matrices βa are the standard Kemmer matrices in Minkowski spacetime.
βµ = eµaβ
a (7)
The Kemmer matrices are an analogous to Dirac matrices in Dirac equation. There has
been an increasing interest Dirac equation for spin half particles [44–47]. The matrices βa
satisfies the DKP algebra,
βµβνβλ + βλβνβµ = gµνβµ + gλνβµ.
The conserved four-current is given by
Jµ =
1
2
Ψ¯βµΨ,
and the conservation law for Jµ takes the form
∇µJµ + i
2
Ψ¯(U − η0U †η0)Ψ = 1
2
Ψ¯(∇µβµ)Ψ (8)
The adjoint spinor Ψ¯ is defined as Ψ¯ = Ψ†η0 with η0 = 2β0β0 − 1, in such a way that
(η0βµ)† = η0βµ. The factor 1
2
which multiplies Ψ¯βµΨ, is of no importance for the conser-
vation law, ensures the charge density is compatible with the one used in the Klein-Gordon
theory and its non-relativistic limit. Thus, if U is Hermitian with respect to η0 and the
curved- space beta matrices are covariantly constant, then the four-current will be conserved
if [30]
∇µβµ = 0.
The algebra expressed by these matrices generates a set of 126 independent matrices whose
irreducible representations comprise a trivial representation, a five-dimensional representa-
tion describing the spin-zero particles and a ten-dimensional representation associated to
spin-one particles. We choose the 5× 5 beta-matrices as follows [31]
β0 =
(
θ 02×3
03×2 03×3
)
, ~β =
(
02×2 ~τ
−~τT 03×3
)
,
θ =
(
0 1
1 0
)
, τ 1 =
( −1 0 0
0 0 0
)
, τ 2 =
(
0 −1 0
0 0 0
)
, τ 3 =
(
0 0 −1
0 0 0
)
.
(9)
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In eq. (7), eµa denote the tetrad basis, that we can choose as
eµa =

1 aSin(ϕ)
rα
−aCos(ϕ)
rα
0
0 Cos(ϕ) Sin(ϕ) 0
0 − Sin(ϕ)
rα
Cos(ϕ)
rα
0
0 0 0 1
 . (10)
For the specific tetrad basis given by Eq. (10), we find from Eq. (7) that the curved-space
beta-matrices read
β(0) = etaβ
a = β0 − a
rα
βϕ
β(1) = eraβ
a = βr
βr = cosϕβ1 + sinϕβ2
β(2) = e2aβ
a =
βϕ
rα
βϕ = − sinϕβ1 + cosϕβ2
β(3) = ezaβ
a = β3 = βz
(11a)
and the spin connections are given by
Γϕ = (1− α)[β1, β2] (12)
We consider only the radial component in the non-minimal substitution. Since the inter-
action is time-independent, one can write Ψ (r, t) ∝ eimϕeikzze−iEtΦ(r), where E is the
energy of the scalar boson, m is the magnetic quantum number and kz is the wave number.
The five-component DKP spinor can be written as ΦT = (Φ1,Φ2,Φ3,Φ4,Φ5), and the DKP
equation (4) leads to the five
(rα (−MΦ1(r) + EΦ2(r) + kzΦ5(r)) + cosϕ ((aE +m) Φ4(r)− i ((−1 + α) Φ3(r) + rαΦ′3(r)))−
sinϕ ((aE +m) Φ3(r) + i ((−1 + α) Φ4(r) + rαΦ′4(r)))) = 0
(EΦ1(r)−MΦ2(r)) = 0
((aE +m) sinϕΦ1(r) + rα (−MΦ3(r) + i cosφΦ′1(r))) = 0
(− (aE +m) cosϕΦ1(r) + rα (−MΦ4(r) + i sinϕΦ′1(r))) = 0
(kz + MψΦ5(r)) = 0
(13)
Then we obtain the following equation of motion for the first component Φ1 of the DKP
spinor : (
−(aE +m)
2
α2r2
+ E2 − kz2 −M2
)
Φ1(r) +
(α− 1)Φ′1(r)
αr
+ Φ′′1(r) = 0 (14)
Φ1 = r
1
2αRn,`(r). (15)
Then Eq. (14) changes to
R′′n,m(r) +
R′n,m(r)
r
+
(
E2 − kz2 −M2 − 1 + 4(aE +m)
2
4r2α2
)
R(r) = 0 (16)
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By the change of variable r = xη, we can write Eq. (16) in the form
R′′n,m(x) +
R′n,m(x)
x
+
(
1− λ
2
x2
)
R(x) = 0 (17)
where λ = (1+4(aE+m)
2
4α2
)
1
2 and η =
(
E2 − kz2 −M2
)−1
2 . The physical solution of Eq.(17)
are BesselJ function. Therefore the general solution to eq. (17) is given by
R(r) = AληJλ(
r
η
) +BληYλ(
r
η
) (18)
where Yλ( rη ) is the Bessel function of the second kind. Sometimes this family of functions
is also called Neumann functions or Weber functions. Jλ( rη ) is the Bessel function of the
first kind, given by
Jν(x) =
∞∑
k=0
(−1)k
k!Γ(k + ν + 1)
(x
2
)ν+2k
(19)
and Yλ( rη ) is the Bessel function of the second kind, given by
Yν(x) =
Jν(x) Cos(νpi)− J−ν(x)
Sin(νpi)
(20)
By considering the boundary condition for Eq. (18) such that Bλη = 0 , we find
R(r) = AληJλ(
r
η
) (21)
3 The DKP oscillator in spinning cosmic string background
The DKP oscillator is introduced via the non-minimal substitution [17, 30, 31]
1
i
~∇α → 1
i
~∇α − iMωη0~r (22)
where ω is the oscillator frequency, M is the mass of the boson already found in Eq. (4),
and ~∇ is defined in Eq. (5). We consider only the radial component in the non-minimal
substitution. The DKP equation (4) leads to the five equations:
(rα (−MΦ1(r) + EΦ2(r) + kzΦ5(r)) + (cosϕ (aE +m) Φ4(r))+
(i cosϕ
(
Φ3(r) + α
(−1 + r2Mω)Φ3(r)− rαΦ′3(r)))−
sinϕ
(
(aE +m) Φ3(r)− i
(
1− α + r2αMω)Φ4(r) + irαΦ′4(r))) = 0
((aE +m) sinϕΦ1(r)−MrαΦ3(r) + irα cosϕ (rMωΦ1(r) + Φ′1(r))) = 0
(− (aE +m) cosϕΦ1(r)−MrαΦ4(r) + irα sinϕ (rMωΦ1(r) + Φ′1(r))) = 0
(EΦ1(r)−MΦ2(r)) = 0
(kzΦ1(r) + MΦ4(r)) = 0
(23)
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By solving the above system of equations (23) in favour of Φ1we get
Φ2(r) =
E
M
Φ1(r)
Φ5(r) = − kz
M
Φ1(r)
Φ4(r) =
−aECosϕΦ1(r)−m SinϕΦ1(r) + i (r2αMω SinϕΦ1(r) + rα SinϕΦ′1(r))
Mrα
Φ3(r) =
aE SinϕΦ1(r) +m SinϕΦ1(r) + i (r2αMωCosϕΦ1(r) + rαCosϕΦ′1(r))
Mrα
(24)
Combining these results we obtain an equation(20) of motion for the first component of
the DKP spinor:
Φ′′1(r) +
(−1 + α) Φ′1(r)
rα
+(
E2 − kz2 −M2 + 2Mω − Mω
α
− (aE +m)
2
r2α2
− r2M2ω2
)
Φ1(r) = 0 (25)
Let us take Φ1as
Φ1 = r
1
2αRn,`(r). (26)
Then Eq. (25) changes to
R′′n,m(r) +
R′n,m(r)
r
+(
E2 − kZ2 −M2 + 2Mω − Mω
α
− 1 + 4(aE +m)
2
4r2α2
− r2M2ω2
)
Rn,m(r) = 0 (27)
In order to solve the above equation, we employ the change of variable: s = r2, thus we
rewrite the radial equation (31) in the form
Rn,m
′′(s) +
1
s
Rn,m
′(s) +
1
s2
(− ξ1s2 + ξ2s− ξ3)Rn,m(r) = 0 (28)
If we compare with this second-order differential equation with the Nikiforov-Uvarov (NU)
form, given in Eq. (A.1) of Appendix A, we see that
ξ1 =
M2ω2
4
ξ2 =
1
4
(E2 − kz2 −M2 + 2Mω − Mω
α
),
ξ3 =
1− α2 + 4(aE +m)2
16α2
(29)
which gives the energy levels of the relativistic DKP equation from
(2n+ 1)
√
ξ1 − ξ2 + 2
√
ξ3ξ1 = 0, (30)
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where
α1 = 1, α2 = α3 = α4 = α5 = 0, α6 = ξ1,
α7 = −ξ2, α8 = ξ3, α9 = ξ1, α10 = 1 + 2
√
ξ3, α11 = 2
√
ξ1
α12 =
√
ξ3, α13 = −
√
ξ1
. (31)
As the final step, it should be mentioned that the corresponding wave function is
Rn,m(r) = Nr
2α12eα13r
2
Lα10−1n (α11r
2). (32)
whereN is the normalization constant. In limit a→ 0 we have the usual metric in cylindrical
coordinates where described by the line element
ds2 = −dt2 + dr2 + α2r2dϕ2 + dz2
as pointed out by authors in [17] dynamic of DKP oscillator in the presence of this metric
describe by
ϕ′′1(r) +
α− 1
αr
ϕ′1(r)
+(E2 −M2 − kz2 + (2α− 1)Mω
α
− m
2
α2r2
−M2ω2r2)ϕ1(r) = 0
and the corresponding wave function is
ϕ(r) = Nr2AeBr
2
LC−1n (Dr
2)
Were A,B,C and D are constant and LC−1n denotes the generalized Laguerre polynomial. In
figure. 1, Φ1(r), is plotted vs. r for different quantum number with the parameters listed
under it .The density of probability |Φ1|2 is shown in figure 2. The negative and positive
solution of energy vs. α is shown in figure 3 and 4 for n = 1, 5 and 10. As in Fig. 3 and
4, we observe that the absolute value of energy decreases with α. Also in figure. 5 energy
is plotted vs. ω for quantum numbers. We see that absolute value of energy increases with
ω. The negative and positive solution of energy vs. n is shown in figure 6 for different
parameter α. We obtained the energy levels of the DKP oscillator in that background and
observed that the energy increases with the level number. In figures. 7, energy is plotted
vs. a for different quantum numbers. We see energy increases with parameter a. Also We
observed that the energy levels of the DKP oscillator in that background increases with the
level number.
Figure 1: The wave function Φ1 for n = 1, 2 and 0.0 ≤ r ≤ 10.0 GeV−1, with the parame-
ters M = 1 GeV, α = 0.9, ω = 0.25 , m = kz = a = 1
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Figure 2: Density of probability |Φ1|2 for n = 1, 2 and 0.0 ≤ r ≤ 10.0 GeV−1, with the
parameters M = 1 GeV, α = 0.9, ω = 0.25 , m = kz = a = 1
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4 Conclusion
The overall objective of this paper is the study of the relativistic quantum dynamics of a
DKP oscillator field for spin-0 particle in the spinning cosmic string space-time. The line
element in this background obtained by coordinate transformation of cartesian coordinate.
The metric has off diagonal terms which involves time and space. We considered the co-
variant form of DKP equation in the spinning cosmic string background and obtained the
solutions of DKP equation for spin-0 bosonse. Second we introduced DKP oscillator via
the non-minimal substitution and considered DKP oscillator in that background. From the
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corresponding DKP equation, we obtained a system of five equations. By combining the
results of this system we obtained a second order differential equation for first component
of DKP spinor that the solutions are Laguerre polynomials. We see the results are dependent
on the linear mass density of the cosmic string. In the limit case of a = 0 and α = 1, i.e.,
in the absence of a topological defect recover the general solution for flat space- time. We
plotted Φ1(r), for n = 1, 2. We examined the behaviour of the density of probability |Φ1|2 .
We observed that |Φ1|2 for any parameter by increasing r have a very small peak at begin-
ning and then have a taller peak and then by increasing r it tend to zero. We obtained the
behaviour of energy spectrum as a function of α. We see that the absolute value of energy
decreases as α increasing.
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APPENDIX
Nikiforov-Uvarov (NU) method
The Nikiforov-Uvarov method is helpful in order to finde igenvalues and eigenfunctions of
the Schro¨dinger equation, as well as other second-order differential equations of physical
interest. More details can be found in Refs [48, 49]. According to this method, the eigen-
functions and eigenvalues of a second- order differential equation with potential
Φ′′(s) +
α1 − α2s
s(1− α3s)Φ
′(s) +
1
(s(1− α3s))2
(− ξ1s2 + ξ2s− ξ3)Φ(s) = 0 (A.1)
According to the NU method, the eigenfunctions and eigenenergies, respectively, are
Φ(s) = sα12(1− α3s)−α12−(α13/α3)P (α10−1,(α11/α3)−α10−1)n (1− 2α3s) (A.2)
and
α2n− (2n+ 1)α5 + (2n+ 1)(√α9 + α3√α8) + n(n− 1)α3 + α7 + 2α3α8 + 2√α8α9 = 0
(A.3)
where
α4 =
1
2
(1− α1), α5 = 1
2
(α2 − 2α3), α6 = α25 + ξ1, α7 = 2α4α5 − ξ2,
α8 = α
2
4 + ξ3, α9 = α3α7 + α
2
3α8 + α6, α10 = α1 + 2α4 + 2
√
α8,
α11 = α2 − 2α5 + 2(√α9 + α3√α8), α12 = α4 +√α8,
α13 = α5 − (√α9 + α3√α8)
(A.4)
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In the rather more special case of α = 0,
lim
α3→0
P (α10−1,(α11/α3)−α10−1)n (1− 2α3s) = Lα10−1n (α11s)
lim
α3→0
(1− α3s)−α12−(α13/α3) = eα13s
(A.5)
and, from equation (11), we find for the wave function
Φ(s) = sα12eα13sLα10−1n (α11s) (A.6)
where Lα10−1n denotes the generalized Laguerre polynomial.
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